[Terry Lee]

HSC Ext 2 2020 Solutions

Multiple Choice

1B) VI* +18* +6° =19
2 B) 3—1i is also a root, since all coefficients are real.
-p=B+i)+(3-i)=6,". p=-6,
g=3+1)(3-i)=10.
32ty
-2 4
SAX—-4=-2y+6.
LY +2Xx=5.
4 A)Letz=rcisé,
.'.Z—2=r20i—820= rcis26.
2l

5 C) Let x = Acosnt, X = —nAsin nt, X = —n*Acosnt,

S X =NA=6,X  =n*A=4.
X.. 4 2
n= =—=—,
X 6 3
. 2
.. Period = 2 3r.
n

6 A)X* +4Xx+10=(Xx+2)* +6.

7 D) To disprove a proposition is to find a counter-
example that the proposition is false.

Here, 2'' —1 is not prime, but 11 is prime.

8 B) The negation of 'if A then B'is 'A and not B'

9 C) Let e =cos@ +isiné.

o €942 =cos@+2+isind.
~|e” £2|=/(cos O+ 2)" +sin’ 0 =[5+ 4cos0.

.. The maximum value of \/5 —4cosf + \/5 +4cosd is

2\/§ , which occurs when 6 :% or 37”

2a a 2a

10B) [ foodx=] feodx+ [ fodx.
0 0 a

For Iza f (x)dx, let u=2a—x,du =—dx.

a

When x=2a,u=0, when X=a,u=a.

[t oodx=[" f 2a-u)(—du)

=Iaf(2a—x)dx

Question 11
(@) (i) [w] =P+ 47 =17
(i) WZ = (=1 +4i)(2 +1i)
=2-4-i+8i
=—6+7i

2

(b) Let u =Inx,du :ldx. Letdv=Xx,v :X?.
X

e 2 ¢ e
J XIn xdx = X—lnx —J idx
1 2 12

1

2 l:xz:|e
4 1

dv
S.—=V+I1.
dx
J‘ dx = i
v+1

x=In(v+1)+C.
Whenx=0,v=1,..C =-In2.

v+1
SoX=In——o.
2

() U=y =-(2+p)i-2]+ku+v=(-2+ p)i+5k.

If they are perpendicular then (U —V).(u+V) =0.
U-V).U+Y) ==2+p)(-2+p)+5

=—p’+4+5
=-p’+9
=0.
Sop=413.
(e)z_—3i,/9—4(3-i)
2
_ 3+-3+4i
—
but v-3+4i =/1-4+2x1x2i =1+2i.
3+ i
Z:M=—l+i or —2-i.

2
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Question 12
(a) (i) R +200sin 30° =509 = 500, since g =10.
R+100 =500
R = 400.
(i) ).f =200c0s30° —0.3R
=100~/3 -120
=53.2 newtons.
53.2
(i) a= 0
d

a=2Y_1.064
dt

[ dv=["1.0640t
0 0

=1.064, since Zf =ma = 50a.

V =1.064t =1.064x3=3.192 =3.2 km.
(b) (1) Horizontally, X = 0.

0)ydt=C
Whent=0,X=ucosé,..C =ucosb.
S X=ucosé.

X =_[ (ucos®)dt =utcosd+C.
Whent=0,x=0,..C=0.
.. X=utcosé. 1))
Vertically, § = —g.

(-g)dt=—gt+C.
Whent=0,y=usiné,..C =usiné.
Sy =—gt+usind.

yzj (-gt+usin®)dt =—%gt2 +Uutsin@+C.
Whent=0,y=0,.C =0.
Ly= —%gt2 +Utsin@. ()

X
ucoséd
Substituting to (1),

2
y :—L+ Xtan &

2u® cos® @
2 2
=— gX2 [sec2 9—2Ltan9]
2u gx

2
= —g—xz[tan2 9—2Ltan9+lj
2u gx

(iii) When y = 0,x = R, "

(i1) From (1), t =

2
tan’ 49—2Ltan0+1 =0.
gR

This equation has 2 real and distinct values of tan 8, hence,

4

2 distinct values of & when A = %— 4>0.
g

~ut>g°R%
sut>gR.

Question 13

(a) Period = T 2—7[, n=o.
3 n
Letx = \/§+ Acos 6t.

When t = 0,x = 2v/3,.. A=+/3.
. x=~/3(1+cos6t).

(b) The 2 lines intersect if there is a point that belongs to
both lines.

3+4,=3-24, M
-14+24 =-6+4, 2)
T+ 4 =2+34, A)

1)-@3) gives —4=1-54,,.. 4, =1.
Substituting 4, =1 to (1) gives 4, =2

Test: Substituting 4, =1to (2) gives 4, = -2, too.
2
.. The point of intersection is | =5 |.
5
(¢) () (a+b)* =(a—b)’ +x*, by Pythagoras' theorem,
sa’+b>+2ab=a’+b*-2ab+ X’
- X* = 4ab.
- x=2+ab.

a+b is the hypotenuse, .. a+b > 2@, a+b 272> Jab.

(ii) Leta = p*,b = 409°,
From the result of part (i),

p’ +4q° > 2/4p’q’ =4paq.

(d) (i) Let €™ = cosnd+isinnd,

- =cos(—n@) +isin(-nd)
=cosh@—isinnd, since cosX is even, and
sin X is odd.
se™ e ™ =2cosnd.
(ii) (eie +efig) |4a +4e|39 -ig + 6e|2a -i20 +4e|6‘ -i30
e

_ ei4a +efi4a +4(ei20 +e"2‘9)+6
(20056?)4 =2cos46 +8co0s26 +6.

.cos*O= 1(cos49+4cos29+3).

(111)_[ 2cos* dO = I 2(cos46+4cos20+3)d0

:l ls1n49+—sm26’+36’
8 2 0
13 3
8 2 16
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Question 14

) il 0+Z
(a) (i) Letz, =re’, .z, = re( 3).

Point B has the same magnitude as point A and
is inclined an angle of (9 +§j,.'. OAB is an

equilateral triangle.
iz

(i) z, =e’z,.

223 — ei/r 213

3

-

.53 3 _
L0+, =0.

=-1

(zl+zz)(z1 +222—2122)=0.
2t +12, =121, sincez, +2, #0.
dv
bya=—=10(1-(0.01v)’
(b)a=-—_=10(1-(0.01v)’)
=10(1-0.01v)(1+0.01v)

\" dv 5
j ~10 j dt
0 (1—0.0V)(I+001v) o

1Y 1 1
—I + vV =50
2J0(1-0.0lv 1+0.0lv

\

lxl ln1+0.01V _50
2 0.01L 1-0.01v,

1+0.01v
n———=1.
1-0.01v
1+0.0lv _
1-0.01v
(1+e)0.0lv=e-1.
Ve 100(e—1).
e+1

(c) Letn=2, LHS :i, RHS :%.

1 < l, It's true for n = 2.
4 2

1 1 1 n-1

AssumeIne N —+—+.+—<—.
3 n n

RTP LZ+L2+...+L2+ ! 5 <L.

2° 3 n~ (n+1)” n+l1

LHS<n—_1+—1 5
n (n+1)
_(n=D(n+1)’+n
~ n(n+1)?
(N> =D(n+1)+n
n(n+1)°
_n'+n’-1
Con(n+1)y

_n*(n+1) 1
Tnn+1)®  n(n+1)
_n 1
T+l n(n+1)?
<" _RHS.

n+1

.. By the principle of Induction, it is true for Vn > 2.
(d) Assume that log,(n+1) is rational, let
log,(n+1) = B, where p and q are positive integers.
q

P
Sn+1=nt
S (n+D)? =nP,
Assume that n is even, then LHS is odd while RHS is even,

it's absurd. The argument is similar if n is odd.

. log, (n+1) is irrational.
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Question 15

@) (i) k> +1=(Kk+1)(k> =k +1).
- Ifk +1is divisible by 3 then k* +1 is divisible by 3.
(ii) If k* +1 is not divisible by 3 then k +1 is not
divisible by 3.
(iii) The converse is: If k* +1 is divisible by 3 then
k +1 is divisible by 3.
Since Kk is an integer, let p € Z, consider these cases:
Ifk =3p, thenk® +1=(3p)’ +1 is not divisible by 3.
Ifk=3p-1, k*+1=(3p)(Bp-1° -Bp-D+1),
which clearly is divisible by 3.
Ifk=3p+1, kK’ +1=(3p+2)(Bp+1)’ -@Bp+D)+1)
=(3p+2)(9p> +3p-+1), which is not divisible by 3.
. k* +11is divisible by 3 only ifk =3p—1, i.e. k +1
is divisible by 3.

(b) (i) Given CB = —C, b-c= m(g—g) then
n n
c[1+mj:b+ma
n n
m
t~)+ﬁg nb +ma
sc= =—=
1+E m+n
n
Ezg_gznb+ma_§:nt~)—ng:n(lg—g).
m+n m+n m+n

(i1) Proven above.
(i) OQ OP +OR = p+r.

From(i),@=1(9+[)+lr:lp+[.

2 2" ~
PR=r- p.
Let OT =mOS and PT =nPR,
O—T:m{%P’LEJ D
andﬁ=n<r—p). )

In AOPT,OT =OP +PT = p+n(r-p)

=(-n)p+nr. 3)
Equating the coefficients of p and r in (1) and (3) gives

E:l—n and m=n.
2

2
SMm=n=—.

3
(1) becomes oT =

(iv) (2) becomes PT

the ratio of 2:1.

Question 16
(a) (i) Let T be the tension of the string.

Resolving the forces,

at the 2m mass, 2ma =-2mg —kv+T. Q)
at the 4m mass, 4ma =4mg —kv-T. (2)
(1) +(2) becomes

6ma = 2mg — 2kv.

dv _gm- kv

dt 3m

(ll).[gm kv 3m.[dt

——l m—kv :—+C.
. n(g ) m

Whent=0,v=0,..C = —%ln(gm).

lln gm =L.

k gm-kv 3m
Whent:3—mln2,ln gm =In2.
k gm-—

gm_ _

gm—kv_

gm =2gm—2kv.
_gm
=

(b) (i) Using IBP, let u = sin®"(26),dv = sin(20)d 4.

du =4nsin*""(26) cos(20)d0,v = —%COS(ZH).
1. 2n % % :.2n-1 2
I, = —Esm (26)cos 26 +2nj sin”"" (26) cos” 26d 4
0 0

_ ZnJ.Esin“’l (26)(1-sin’ 260)d6
0

=2nl,_, -2nl,.
2n
" 2n+1 ™
2n
il = |
@1, 2n+1 "'
2(n-1)
n-1 2n_1 n-2°
4
|2 :gll
2
IIZEIO

l, =_Fsin29d9 - —[00829}2
0 2 0

$
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Sy 20 2n-1) 42
" 2n+1 2n-1 753
2n 2n2(n-1) 4422

Ton+12n 2n—1 754372
2
(2”n!)
S @2n+1)!
B 22n(n!)2
@n+1!
(iii) Let x = sin” 8, dx = 2 cos @sin Ad 6.

When x = 0,6 = 0. Whenx:l,H:%.

| z
j X"(1-x)"dx = 2I ?sin®" @ cos>"@ cos Osin Od O
0 0

22n

= ! J.Esinzn 260sin26d 6
0

- ifsin“*l 2000

2" Jo
1
= 27 In‘
N2
wJ, = (Z(n.) o using the result above.
n+1):

(iv) I, =1, from above.
1, <lforalln=0,1,2,..., since for 0 < X < %,

0 <sin(28) <1, .. the higher the power, the smaller
the value.
o, =1
2n | 2
2~ (n) <
2n+1)!

~(2"n) < @n+y
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